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Scolor  Produchs
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> It s possible to define Mony scalar
products in & given vector space

» In o vechor spoce. N Wit scaloy product
£+,°> 16 s possivte +o weibe $he product
<\_L\, VD Vﬁ,\?GV in matrix form.
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Exomr\plf,. Consider thae %llomina Scalay
product defined on )
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Scalar producks and change of basis

v Av\\\ Scalay produd' defined on o Vechor
Space 1S independent of the basis chosen
B represent W vechors.

Let B and C be two bases of the vector
space V, and leb P be the change of
basis majrix from & to C.
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We will study P redahonship behseen
Ma Grom malrices with fespect 4o o
disHnct boses.
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in ﬂs. Let

AIWAWATRFATAVATA
4 0 l 0 | { 0 |
\o/ UJ \J\« “\OJ \O/ J

boo boss of B \erly W rlakion behseen
Gs and Ge=T

v
t = n
GB=PG16 ?B Gez P G P
(€8 oo g€ B<E
p- 5 17

S



P = | |
e« B
o |
O B
P e D
¢ =8B cep
1 © o
. i b
i

-
L4

T3
Cao
I
1 1
i 3 I

o =



Exomgle. Let Wwo be e subspace of
periodic funchons with perivd To= 7'Tr/wo
spanned by el

B- ‘ 1, s Lt Cos aunt, J5in T, jSin :M»ti
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These hoo bases are relpded by
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Norm of a vector

x el x|
Deﬁni-h'onl ve@  Jxtui
Let V bt a vector space and <.
be a scalor product in V. The norm of

o Vector UeN 1S defined by .[?b,,s{
)
\os&

Nal=J<a @y,  [2\=xai

> Observe Hrat Hhe norm is yoell-defined
since <U,u>20 for all ReV.

> The, norm dgper\ds on the scalar
Pde.lLC-L.



'Proper{;u‘e.g of He norm

4. 0yl 2o0. J@@'
2. lall=o© =0 20 | >4
2. Neull = |l DKl [ (¢l

B vechyr iieN wita lal=4 is called
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A Nﬁl& behween vettors

(v

Schwarz Inequality

Let \ be a vector space with sealar

pfod.ﬂcl' D For eNery i,ie\l:
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Cos § = <x53> > f=qreos x> XU
L=\ L e
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£ anple, Consider Hhe two vectors
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> Two vechors x and 73 are ef-l-hoaon al
J {x,3>=0, equivalently, if Hu ongle
behveen ¥ and B s M.




Or%v\o%mal and ortonormal lnses.

Definition|

Let N ke a vector space usith Scalar
product <> and let B30y, &}
be o bass of V.

B is an ortegonal bosis if
(i, €;>=0 wuhen i#j.

'f additionaly lecll=4 for all i,
Ha B is an orthonormd basis.

> This definition can be extended 4o
('I\Pinil,ﬂ dimensional vector spaces-



Exomple.  Poth
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Exomgle. The seb of polynomials

B=11,x, 7(3x~ ), 7 (x> 3x)f
1S an Or{ko%ona\ bass of Es, with salor
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Exampk,. The maknces IE =y

0’,=_:_(1 o), 6x=_'_(0l)
iz o} Z\1o0

O'az_\__(o .J.)) 0'}_:_1_(1 O>
2 0 2 \0 -1

~ 0'15
form a?\ ormoaonal basis o} Hp veckor
space of hermition matrices ( A=K“)
0f size 2xz with scalar produck
defined by
<A,B)='ﬁrja\mce,(7\£ B).
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Exercise. Let N be a finite dimensional
vechor space wiia scalar product &>
ond let $:=38 e, ...,2n] bt a basis.

Show e :Follow'm%r

1.The basis B 13 orbao%onal it and only
z : Kw.r.\;.g.
£ the Gram matrix”is dtaaonal.

2- The bosis & is orthonormal 1¢ and only
1§ W Gram matrix i3 Yhe idenhty
matnix,
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<€y 6y (08> SEi By
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Lf b is of’rkogom‘, (€:,&;>=0 (4]
e, ed=]lell =1

Theorem

Let N be an n-dimensional ~ector
spoce. The c\nomgc. ol basis matri x
belween two orthonormal boses 8 and
C sahspies
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in R



Theorem

Let N be o vechor space with scalar
product &> and 8=y, ..., Un]
S an ov’rlno%onal basis. Then, for every
Vectoy ');(e\/

Yo <R LD W+ <D Uk LETn>
w00 il

» The reprcsenta{-ion n Hw previous
Hreorem is colled a Fourier Series.
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Examgle. Consider e usuol scalar produd

in rlz?", Hre or’:hoﬁono.l basis and He vector

F
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Find e Fourier series of % with
rcspcc\- o B.



X= <¥)-()];1,> -];L + ({(’}\Z,) ;1_ + <§!53> ba
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Execcise. Show that o se¥ o} nen-zero
orl'koﬁonal vecdors is lineaf(\( indepcnalcn&-

8-} W Y . Ued O'r‘rl'waon-a,'
if r=dimN B is o basis.

CL U+ CaMgh —-- “'Cnan =0 & cw
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0= JUA lk) = (=0
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b
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Gram- Schmidt Qr’cho%gnali%a-)ion me+hod.

Let N be an n-dimensional vector space
and let B=3u,iz, .-, U] be a basis of
V. Then %E;%z ,--4 €nd is an or-ﬁkoaonal
basis, wshere

N -
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B § A - AL
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feLll®
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=0y - Ay e Auimi€in, 345240 e
> ne
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= = - = o~ R -
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Foorler  sevies o{,‘ Un vaolv{nz, all Mo
Previous ¢; /s .
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Example. Let = (1 ) Uz 1),33= 1
1 0

Consider e usual scalar product
in B> and the basis B=1l,i: U],
Use Gram-sSchmidt method +o find

on o(-\‘Vlngonal angl ortmonormal basis
Bt = L
°'F ﬂ:’ \eill

T/b = %" 16, 9‘-1\8;-&)(1‘%1,-\- X2Y3

S a wuut vechr.

—

V6 ;f_

l

er-li=f1) | NEIECER>E ert= 3
1
-




°
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L
1
O
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1ol (Y 4 (o) 4 ()= Yerr ly#t= 3

Or Yono rmed  basis:

%@_ : 1 &\ [1e) [l

- = ) =
hell el U g | Uie | %
tlﬁ J o -F[*)

Or Jc\r\m&or\a\ Compltmen{:

® Given a veckor XeV and a Subspace
USY, we say that X is orthogonal to
U, denoted by XLU, if % is orthogonal
bo every vector in U. Thot s

. x1l U é-=3~<x,ca> 0. ‘dgeu.
2 ‘FIX(J \&4\\( veddor 1n U

>
N/ LaN>=0



AX W\?

/V—u u/mu
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Thﬂm'em

Let V be a vechor space with scalar
product <-)->, and let U be o
Subspace of V. Then | the set
- ’\?e\l, Sl

called +he or’cko%oml cgmpkmen-l: of U,
is a subspace of V. Moreover, cvery
vcchr_Ve\/ can be ritten um‘&]yte,\f
as V- §+E wher xeUl and EGM"'.
In Pa.rh‘wlar,

dim U= dimV- dim U.
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EXam?le. Consider ¥ subspace of R
U= Span 1) 5 (usual scolos P"’d“‘*)
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- | X 6u3', <(%>,Y>:O
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Examgle. In ?\3) tonsider the Scalar
product with Gram matrix with respect
N the canonical basis
i L
@]’ 1 2 O
£ o 3 )
(onsider the Subspace

U»tSpan L
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|

&






Or Jc‘norbonal ijtch'on

Evcnl vector Xe\ has a uniq,w,

rePrcSenta-l'lor\ AS ¥= U+V whexrte
ell pud vell”

/ N ‘“‘r’f
g1 & 8

P The vVector Uel is cqlled #a
ov-\Mo%om\ Pfojf chon of % oVer u
ond. is densted by X




Theorem

Let N be a vechr space with
scalar Pradud' &5, Uis a
subspace, and 10, e, - - -, Ur }
an orﬂnoaonal basis of (L.

Then, for every Veckor ReV,

-

A o = T s
X= (%, > U +<LU2> Upt--+ <L) Uy

nar  Uusl? UGl




Example. Let
w= / 3\, ﬁz"' {‘l)) T43=(—| !
(1) L =Y
4 \ 1 4 /

Let I be Hw subspace spanned

Io\i %ut U5 Qvempwlt—%—prbjedzen
Ofe(&hﬁ——m‘r k- and otk
x= 1| Compute #e ov\%»%oaa,\
= ijﬁch‘on of x onto U
1] wiln vespect o e Usual
scalay product:

| need an OYH\D%OM1 SIS rf»’or v
Are . ond GL o(-bv\p%om(l or d» L



feed 4o apply Elrom-—SCWmidl'?

(J‘,aﬁz(?, L l) -1 \ 2 3tdA=0
¢
J

A(I'Cadxi @f{‘{/\p%o nal.

A = oo s e -
X= L x> UL+t <>(~u7> Uq
W, ([t L .,,“2'

N

Xz X, W4+ <x W lle = it la

e
- = \“——
w ‘” u*“,z component of
L 4 X in W

e thy=lrc )3 V=3 -1ryal
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X
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Let NV be a vechr Space Usih
fcf.‘a; 'Pmd.u,cf <>, and let
X’laé ,’H'\M s(..Lg 'tg and onl\[ if

syl = 1P+ 152

RE Loith
, Wi Mo usual sealdar pmduuf'




Thwrcm

Let \l be a vector space ik

Scalar product &> and let U
be o subspace of V. For every
3(—6\,) xeW is He unioume vector
such +hat

Vell, v#8, 0%-%2 1zl

Wt

i3~
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