







































































































Euclidean Spaces

The most important geometric properties
that make 112 so use are

1 The existence of a scalar product
2 A norm induced by the scalar product

Br In this chapter we will extend the

notions of scalar product and norm to

other vector spaces different to LRN

I if L I if XIyetXzyztX3ys Usual scalarprodu

in 1123










































































































Scalar Products
Let 11 be a vector space with scalars

in It IR or IC

A scalar product on V is a function
L Vx F

Cui f is cut is

with the following properties fto
1 ST T ZO H TE V IR so i to
2 LJ J 7 0 si y Soto si 8 8

3 Itv in Iif tsv.ws tui JEV

4 Hui J Kit JS Tx EF tu TeV

5 I J CJ it VI TEV

LENT Lie u IR a a

it i CJ I

If F then taek and tu JEU

tu at air it act it tu J










































































































If F IR then taek and tu TeV
tu J CJ I CJ I

Cui at a cut J

Corolary

1 tu EV L8 I L I 87 0

2 f Ei ai Tei E b Ti Ei jaEbjsui
tf ai B E F y V Ii VjC V

Eb a b

B tu air Cat a asf it

I

tu air I cut i

F IR ai ai incur
E a

ai I 15










































































































hi Ftw Vtwin LF it so it

trust
hi Ftw coin Lui w s

Bo f J O

0 it J J it CJ it suit 0

hi 07 Lui T T Cui JS Lui J o

B a it tazuitazits bitt but

LA UT b wit bZVI t Lait bitt but
t LasUI bitt but

A CUT but but t AzsU2 bitt but

AzLutz but but

as bi Sui it bz Cui Tz

az 5 Luiz I tbzcuz.ve
t.az bIcuI vistb zCUs Jz2










































































































as az As b is it it bizCUTT2
I

eaa.a.fi
UI Ji LUI VI

M
A I tAziztazltz bitt but

is
3 CUI IS Luis I










































































































It is possible to define many scalar

products in a given vector space

In a vector space V with scalar product
o a it is possible to write the product

I J tu fEV in matrix form

Fix a basis B hbi bi In

ie J CUTEGps JIB

where GB is called the Gram matrix

of L with respect to B given by

GB bi B 45,52 Cbi bn

B bi bi b Cbi Fn










































































































ibn bis ibn.is isis

D Observe that GB GB
t

When V is a real vector space Gss Gast

Example Consider the usual scalar

product on 1123 defined by
X

I iffy Nyitxzyatx.gs

and the basis

Btf if
iii viii 3










































































































Compute the Gram matrix of c
with respect to B

LI if X1yztX2YztX3Y3 41,42 3

yyz
IIe

Ge Is IIe

GB 51,5 Cbi.bz 51,537

52bi b2,527 b2,537

531527 53,527 53,533

1 fill
4










































































































in I

hide

µ KIEF g

415
4

ii is CuteG
gCvTe

2101 3 8
2

I

it EGB VTB

2 3 3

g

8










































































































Example Consider the following scalar

product defined on Rz

p t Joplagexidx Apca gasEIR

Compute the Gram matrix with respect
to E I X X and use it to compute

J Ix D 21 11 dx

L I 1dx I 41 x xdx

L X x2dx Lx x x2dx Iz

I










































































































x x2 Jox3dx y
Cx x2 xtdx

Ge

µ
Yz Yg

422 54 3

ii
pcxiqcxsdx lpteGelfep.HR

gjlx D2.2lx ildx
kx HYIGelalx.DE

xD e I 2 1
2
e Iz

2K i Ie Io










































































































J Ix D 21 1 dx b 12 45
10 15 6
30

l 11
so

13 112 130

q
43 46

461 12










































































































Scalar products and change of basis

0 Any scalar product defined on a vector

space is independent of the basis chosen

to represent the vectors

Let B and C be two bases of the vector

Space V and let II be the change of
basis matrix from B to C

IIc Ipg I B VIE V










































































































We will study the relationship between
the Gram matrices with respect to two

distinct bases

For every ii TEV

Sui J CUTEGc i c

Iolaus Gc II libs
xD
B

x v Luigi's Gc IB JIB

CUTE GB J B

Therefore GB PBt Go

v.v M ai










































































































Example Consider the usual scalar product

in 1123 Let

till p
two bases of 1123 Verify the relation between

GB and G e Is

a o
t

GB PtGee B Ge P G B P
E B B E B E

p p
EEB E B










































































































13
Ge Is

Pt Ge P
B B GB

11

i X iH










































































































Example Let Uwo be the subspace of

periodic functions with period To Two
7

spanned by j I I

B I 1 cos wot cos 2wot sin wot sin 2wotj j
That is we are talking about the space

of functions of the form

fct
aotaicoswottazcos2wottbijsinwottbzjs.in

2Wot

Another basis for this space is

C e
Idwot

e
Jwot 1 ejwot ejzwot

e Kwok cos 2wot j sin 12Wot










































































































These two bases are related by

jnwot jnwot
Cos nwot he t ke n 1,2

I nwot l
ejnwotn.si zjsinnwot 2 et

Consider the scalar product

f It get fHgHTdt
0

the scalars are complex numbers

Tojo Hut gut fHgItdt

1,17 1,1 Idt tf To G coswotsfqcoswotd.to










































































































The respective Gram matrices are

GB To O O o o

O 1 2 O O 0

o o toy o o

0 O O Tolz O

O O 0 o Tok

Gc To O O O 0

f fo fo f g
To Is

0 O 0 To O

O O O 0 To










































































































The change of basis matrix P is

f Llc
a B

coswot

I i t

It can be easily verified that

Ga Inst Ga IB II to

Linear systems










































































































Norm of a vector

XEIR

Definition IEEE dxitxi
Let V be a vector space and c is

be a scalar product in V The normpof
a vector T EV is defined by indued

L I
bet

Hulk I ZI Xt if

Observe that the norm is well defined
since cut it 20 for all aEV

The norm depends on the scalar

product










































































































Properties of the norm
1 1147120 Haim
2 HuiIl O I J Zo 14131

3 Havin IN HIM HILL

A vector aEV with Hall 1 is called
a unit vector

For any vector Ito a unit vector

can be easily constructed

f i I tHill

XIX
Triangle inequality s

For every Iif EV

Tf upHIT gHE HEH thy 11 is
rt

Hxlt fxtxllx tyH IK.tyiftlxzty.tl Itis

EdxitxTtdyityi HIMthy










































































































y y y

Angle between vectors

Schwarz Inequality
Let it be a vector space with scalar

product L For every I yEV
llxIHyllecx iy sellx lllly

llsx.gsEl xH ll yllE1ELxiIELcoso2k f arcos cx y HEHKym

11 1111511 KillHigh

Definition
The angle between two vectors x and

g is the unique number OENE IT

such that
cosx qy 2

HEH Agh

LI Ty kill 11511 Cosa










































































































Example Consider the two vectors

fi I f f jor
Consider the usual scalar product

I if It yo

compute the angle between E and J
Cosa LI iz 1

Fig ya
a arcos it

Consider the scalar product
ix g It

so g is

I 3XiYi t XzYa
compute the angle between ti and f
ASO

f Ez O II
30










































































































B Two vectors I and I are orthogonal

if he if o equivalently if the angle
between E and J is th

Before
x
amass

peak










































































































Orthogonal and orthonormal bases

Definition
Let V be a vector space with scalar

product L and let B hey En

be a basis of V
B is an orthogonal basis if
Ei Ej 0 when i tj
If additionally HEill L for all i
the B is an orthonormal basis

This definition can be extended to

infinite dimensional vector spaces










































































































Example Both
B cos nwot Info U sin nwo 7nF

and
c g ein wot x

are orthogonal bases of the space of
periodic functions with scalar product

f g f Ctl GTA dt

and period T IT mtn

ftp.nwoteimw dt JoTeicn
mswotdt

L
j n m wot

I ejhmtwotfo.eeojCnm Wo j n m Wo










































































































1 IT Wo

T

jin miwot j n m

2ft
T j2 T M h

e
J2 t n m

cos zitCn m tj Sin 24th mT Tj
I










































































































Example The set of polynomials

B l L X I 13 2 D E 5 3 3 1

is an orthogonal basis of 1B with scalar

product

spof L pix Gta dx
h x f xd x iz X fg iz115 It it o

L X Z 3
2
i f I 3

3
x DX

s i'Iii'sHittite If










































































































Example The matrices j FI

H L
a to

a
gio

a to
a Fty

form an orthogonal basis of the vector

space of hermitian matrices A AT

of size 2 2 with scalar product
defined by

CA B Trace fat B
a

sum of the elements

in the diagonal










































































































To r Trace qtr Trace Toa 0

A A t

roast El
z 96

11504 171 L

ro toilet t's
Orthonormal basis

It d

Quantum mechanics










































































































Exercise Let it be a finite dimensional
vector space with scalar product c
and let B 3E Ez En be a basis

Show the following
1 The basis B is orthogonal if and only

w r t B

if the Gram matrix is diagonal
2 The basis B is orthonormal if and only
if the Gram matrix is the identity
matrix

GB Ee Ee Es Ez Cei Es










































































































If B is orthogonal Lei Ej o Hj
Ei Ei HEiH2 1

Theorem

Let V be an n dimensional vector

space The change of basis matrix
between two orthonormal bases B and
C satisfies

Pt P
t P

B CEB B C

f B and C are orthonormal

then GB_Gc I p
I

µ
I B c

t t

Go P Gps P I p p
B C BI BI B c
















































































ppt I

P pi pi Fn

ptp ftp.ipfpz pith
iii it

CI It y I

Fifi I fitFj o it j

pi pi In are orthonormal

with respect to usual scalar product
in IR



Theorem

Let it be a vector space with scalar

product L and B lui UI in

is an orthogonal basis Then for every
vector TeV

F LI ai it thx UI wit thx vin Ten

HUT112 HUT112 HUT112

is the representation in the previous
theorem is called a Fourier series

I CI Uit Cine t tCjtrj t tenth

Ii Ij o itj
HUTT L Ii Ii to



I Tej suit aint tCjuj t tenure Uj7
c ftp.tczf Uujstf tcjcujujItfftCn5Un Uj3

O

LI Uj CjHUjlP Cj Lx j j 1,2nlU

jll2HUjll2 1 scj cxiujj i z n

Example Consider the usualscalarproduct
in 1123 the orthogonal basis and the vector

If fi fiHxH
bit is

Find the Fourier series of I with

respect to B



IiE bit'fiIbi III
53

4
3 42 b

LE Toi It bi I 2 1

ly

4

11511 2 451,513 5751 11 I 1
y

3

LI ba I 2 1

µ
I

Ilball I I o

f
2



LI Is l 2 1

yJ
121 1 1 42

1153114 12 42 1

µ
1414411 3

2

tittiotitis



Exercise Show that a set of non zero

orthogonal vectors is linearly independent

B Ui Iz Tlr orthogonal

if r dimV B is a basis

CLU t Catz t tCnUn O Cz Cz Cn O

o LO Uj LCLU t Catz t tCnUn uj
o CjsUj Uj Cj o

to

orthogonality t B dimV B is a basis

I
1in ind



Gram Schmidt orthogonalization method

Let it be an n dimensional vector space
and let B Sui U 2 In be a basis of

e
V Then Ei Ez En is an orthogonal
basis where

Is Us

Ez via tUz e et

i
He's112

Ei Ii Xi eEs Xi i Ifi l ti LviiEj
HE112

En in hinges cin e en i
11En i112

Fourier series of Fln involving all the
previous e i's



Example Let it

µ
it it

f
Consider the usual scalar product
in 1123 and the basis B lui UI UI
Use Gram Schmidt method to find
an orthogonal and orthonormal basis

of 1123
HE ill L

CITY It y Xsy 1 2yet x3Y3
Ito I is a unit vector

Hill

Er uh

µ y
Heil Lei I It Iti 3



EE UI CU The Neill It CIT102 2

HEH
LUI E L L o

Ly

O

e 5 Iz LU3 Ee Li3 e Ez UI
iz
Ez

µII Ell Neill

LUI E I o 1 o
t

UI Ez I o l

o

1

orthogonal Basis

feif Eif
E5

f



HE311 Yz t Yz t t 141 4411 3 2

Orthonormal basis

ti ni iie t flightEMIED

Orthogonal complement

BD Given a rector I EV and a subspace
U EV we say that I is orthogonal to

U denoted by EIU if E is orthogonal
to every rector in U That is

E L U LE g 7 0 H gEU
fixed

any vector in a



ni 1123

I t U

L U

Theorem
Let it be a vector space with scalar

product c and let U be a

subspace of V Then the set
Ut LIEV It U

called the orthogonal complement of U
is a subspace of V Moreover every
vector T EV can be written uniquely
as I Etty when I EU and TyeUt

In particular
dim Ut dimV dim U



1122 usual c 1123 usual 2 i

n

aka

initio
to I 7 0

Ut is a vector subspace

I iyEUt LI u Lif i o V U

EUcaxtpy ius xefutpyoy.us O

i



1

Example Consider the subspace of 1123
A Span

Ig

usual scalar product

compute ut

ftp.ytut
411 I o

IX

Xyz 1
0 ht

Naji
o il

V

Ie Ut I 0 l
Xyz

0
Eyez

lol

y X
µ



ut span
t D



Example In 1123 consider the scalar

product with Gram matrix with respect
to the canonical basis

1 I 1

Consider the subspace
u span

g

Find Ut
s
G I

previous
example

I if It G if
I CUt L E I o IE NUI 2 34



l fit
2 3 4

tyg



Orthogonal Projection

Every vector TEH has a unique
representation as F Itv where

HEU and v E Ut
An

B
J

ii
orthogonal

Bt

projectionofx Ll

The vector TEU is called the

orthogonal projection of I over U

and is denoted by E



Theorem

let it be a vector space with
scalar product c S U is a

subspace and 4Th ik Ir

an orthogonal basis of U
Then for every vector IEV

s
iuputYII pint th'IiE pier



Example Let

I L it
Let U be the subspace spanned
by UI UI Compute the projection
operators over U and Ut with
the usual scalar product

fit with respect to the usual

scalar product

I need an orthogonal basis for U
Are ii and The orthogonal or do I



need to apply Gram Schmidt

UT U2 3 I 1

y
31 2 1 0

Already orthogonal

I Eius uit cI u Ui
Hui 112 1162112

I LI in Tht Leitz The Tht Tk

Hui1 2 11UIT component of
I 1 I in U

LE I I 9 3

1
3 119 11



HuiIl Lui Ui 3 i 1

f J

I UI I I 9

µ
t 21 9 6

Half Luiz in 1 217
4

6

I a it U2 1 Uz

T fut
I Iturn



Theorem Pythagoras
Let it be a vector space with

scalar product c and let

I gEV then I 1 g if and only if

HityLEHI1121118112

1122 with the usual scalar product
tis y

Es g ugh
E

DI ExtIv

at 5 02 It g Hxtiylf.HRthigh



Theorem

Let 4 be a vector space with

scalar product L and let U

be a subspace of V For every
IEV FEU is the unique vector

such that
tie U Ft xn AI Elk III III

HI T
i

i

E
v Fa Ell

n
X

U

11 I Ill HI TH V JEU
I


